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1 Introduction 

■ Modified quantum algebra U q (g) is an algebra which is 'modified' the Cartan 



> 
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| part of the underlying quantum algebra U q (g) as in (3.1) and (3.2). Modified 

quantum algebra U q (o) holds the remarkable property that modified quantum 
algebra C/ g (g) affords the commutative two crystal structures. The first one is 
| the usual crystal structure, which was found by Lusztig (Q). Another crys- 

Q\ • tal structure was discovered by Kashiwara (Q), which is called right crystal 

""kjrj! structure. In it is shown that U q (o) is stable by the action of the antiau- 

tomorphism * (see 2.1) and moreover, crystal base B(U q (o)) is also stable by 
I , the action of *. By using *, right crystal structure is constructed. The com- 

mutativity of those crystal structures motivated us to consider Peter- Weyl type 
J> , decomposition on the crystal base of U q (g). 

In Kashiwara gave the Peter- Weyl type decomposition for the crystal 
base of modified quantum algebra of finite type and affine type of non-zero level 
part. But the Peter- Weyl type decomposition for affine type with level part 
is still unclear. In this paper, we shall give some criteria for the existence of the 
Peter- Weyl type decomposition: 

B{UM)= B^{\)®B{-\)\ 

\£P/W 

where P is a weight lattice, W is the Weyl group associated with g and _B max (A) 
and B(— A)* will be given in section 4. Those criteria are related to the property 
of connected component in B(U q (g)). Furthermore, we can consider its appli- 
cation to the level part of modified quantum affine algebra £7 g (sl2)o since we 
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have already classified all connected components in U q (sl2)o in [[Io| and got the 
properties required by the criteria. 

Let us see the organization of this paper. In section 2, we prepare the 
notion of crystals and related subjects. In section 3, we review the definition 
of modified quantum algebras, the properties of their crystal base and general 
feature of operation * and Weyl group on B(U q (o)). In this section, we shall give 
the definition of extremal vector. In section 4, we shall give the right structure 
on B(U q (o)). Then we shall investigate the criteria for the existence of the 
Peter- Weyl type decomposition. In section 5, we consider the application of the 
criteria to the level part of B(U q (sl2)). In order to give the explicit form of 
£? max (A) and B(— A)*, we describe the action of * on extremal vectors. 

The author would like to acknowledge professor Masaki Kashiwara for his 
helpful advises. This work was partly done during the stay of the author at 
Northeastern University. He is grateful to professor Andrei Zelevinsky for his 
kind hospitality. 



2 Crystals 

2.1 Definition of U q ( Q ) 

Let g be a symmetrizable Kac-Moody algebra over Q with a Cartan subalgebra 
t, {ai £ t*}i e i the set of simple roots and {hi £ i}i e i the set of coroots, where / 
is a finite index set. We define an inner product on t* such that (o^, ai) G Z>o 
and (hi,\) = 2(aj, A)/(aj, atj) for A e t*. Set Q = ©jZaj, Q+ = (BiZ> ai 
and Q_ = — Q + . We call Q a root lattice. Let P a lattice of t* i.e. a free 
Z-submodule of t* such that t* ^ Q ® Z P, and P* = {h e t\(h,P) C Z}. We 
set P + = {A 6 f |(A, hi) > for any i € /}. An element of P(resp.P + ) is called 
a integral weight (resp. dominant integral weight). 

The quantized enveloping algebra U q (Q) is an associative Q(q)- algebra gen- 
erated by ei, fi(i G /) and q h (h £?*) satisfying the following relations: 

q° = l, and q h q h '=q h+h \ (2.1) 
q h e t q- h = q< h ^e u q h f iq ~ h = q-< h '°*> fi, (2.2) 
[e i J j } = S i , j (t i -tr 1 )/(q i - q ^), (2.3) 

if (-lM k) x jX t ihi ' ai) - k) =0, 3) (2-4) 

k=l 

where x t =e l J t and we set q t = g ("-«;)/ 2 , t ( = = {q\ l -q[ n ) / {q l -ql 1 ) 1 

W = m=M, 4 n) = e?/[n}i\ and f\ n) = /[n],!. 

It is well-known that U q (g) has a Hopf algebra structure with a comultipli- 
cation A given by 

A(g h ) = q h ®q h 7 A( ei ) ^e,®^ 1 + 1 ® e l; A(f i ) = f i ®l + t i ®f i , 
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for any i G I and /i£P*. We do not describe an antipode and a counit. By 
this comultiplication, a tensor product of J7 q (g)-modules has a [/ g (g)-module 
structure. 

Let * be the antiautomorphism of U q (o) given by: 

q*=q, (q h )* = q- h , < = ft = U (2.5) 
Let V be the automorphism of U q (o) given by: 

q y =q, (q h ) V =q- h , = fi, // = e 4 . (2.6) 

These satisfy 

=c * = VV = id, *V = V * . (2.7) 
2.2 Definition of Crystals 

Let us recall the definition of crystals || U . The notion of a crystal is motivated 
by abstracting the some combinatorial properties of crystal bases. 

Definition 2.1 A crystal B is a set with the following data: 

a map wt : B — >P, (2.8) 
£i : B — >ZU{-oo}, ipi : B — >ZLl{-oo}, for iel, (2.9) 
l,:B — »BU{0}, fi-.B — *BU{0} for iel. (2.10) 

Here is an ideal element which is not included in B. They are subject to the 
following axioms: For b,b\,02 £ B, 

i Pi (b)=e i (b) + {h i ,wt(b)}, (2.11) 

wt{eib) = wt(b)+a. l if e A b G B, (2.12) 

wt{fib) = wt{b) - a, if fib e B, (2.13) 

e,ibi = bi if and only if fib\ — 62, (2-14) 

if £i(b) = —00, then e^b = fib = 0. (2.15) 



From the axiom (2.14), we can consider the graph strucure on a crystal B. 



Definition 2.2 The crystal graph of crystal B is an oriented and colored graph 
given by the rule : b\ — >&2 if and only ifbi = fib\ (61,62 G B). 

Definition 2.3 (i) If B has the weight decomposition B — \_\xeP ^\ where 
B\ = {b G B\wt(b) — A} for A G P, we call B a P -weighted crystal. 



3 



(ii) Let B\ and B 2 be crystals. A morphism of crystals ip : B± — ► B2 is a 
map ip : B\ U {0} — ► B2 U {0} satisfying the following axioms: 

V(0)=0, (2.16) 

urt(6) = «rt(^(6)), e i (&)=e i (V(6)) ) = <Pi{ip{b)) (2.17) 

ifbeBi and ip(b) G £ 2 , 

^(e»6) = e;V(&) ifbeBi satisfies ip(b) ^ and ^(^6) 7^ 0, (2.18) 

^(fcb) = eiip{b) ifbeBi satisfies -0(6) ^ and ^ 0. (2.19) 

(m) ^4 morphism of crystals ip : B\ — > B 2 *s called strict if the associated map 
from B\ U {0} — ► B 2 LI {0} commutes with all and fi. If ip is infective, 
surjective and strict, ip is called an isomorphism. 

(iv) A crystal B is a normal, if for any subset J of I such that {(oti,aj))i,jej 
is a positive symmetric matrix, B is isomorphic to a crystal base of an 
integrable U q (Qj) -module, where U q (Qj) is the quantum algebra generated 
byej, fj {jeJ) andq h (heP*). 

For crystals B\ and B 2l we shall define their tensor product B\ B 2 as 
follows: 

B X ®B 2 = {fci b 2 \bi G B u b 2 G B 2 }, (2.20) 

wt(b 1 b 2 ) = wtih) + wt(b 2 ), (2.21) 

£i(6i 62) - max(ei(6i), £ 4 (6 2 ) - urf(6i)», (2.22) 

¥>i(&i 0& 2 ) - max(^(6 2 ),^(6i) + (h z ,wt(b 2 ))), (2.23) 

- /, „, n / eib\®b 2 if <Pi(6i) > £i(6 2 ) 

e ^^) = ( 6x0^ if W (6 1 )<e i (6 a ), (2 ' 24) 

l&i0/i&2 if y?i(6i) < Si{b 2 ), 

Here we understand that O0& = &0O = O. Let C(7, P) be the category of 
crystals determined by the data I and P. Then eg) is a functor from C(I, P) x 
C(I,P) to C(I,P) and satisfies the associative law: (Si £? 2 ) B% = Si 
(S 2 B3) by (61 62) 63 <-> 61 (62 &3). Therefore, the category of crystals 
is endowed with the structure of tensor category. 

For a crystal B, let B A be the crystal given by 

B A :={b A \beB}, 

wt(b A ) = -wt{b), e 4 (6 A ) = ^(6), Vl {b A )=e % {b), 

^(& A ) - (hb)\ Mb A ) = (e~ 4 6) A . 
Then we have 

(Si B 2 ) A = B A B A by (61 0fe 2 ) A «-» 6 A 0& A . (2.26) 
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Example 2.4 We give some examples of crystals. 

(i) For A G P, we set T\ — {t\} with 

wt(t\) = \, ei(t\) = ifi(t\) = -oo, ei{tx) = /*(*a) = 0. 

VKe can see t/iai T\®T^ = T\ +fi and B ®Tq = Tq® B = B for any crystal 
B. 

(ii) For i G / , we set Bi := {(n)j | n G Z} urai/i 

wt((ri)i) = ncti, Ei((ri)i) = -n, ¥>i((n)i) = n, 

E j{{ n )i) = -00) VjlWj) = -oc for J ^ h 
ei(ri)i = (n + 1),-, fi(n)i = (n-l)i, 
ej{n)i = fj(n)i = for j ^ i 

(m) For A G P+ ; £e£ (L(A),J5(A)) 6e i/ie crystal base of a U q {o)-integrable 
highest weight module V(A). -B(A) is i/ie crystal associated with V(A). Set 
B(—X) = B(X) A . Then B(—X) is isomorphic to the crystal associated with 
an integrable lowest weight module V{— A). For b G B(X), and <fi(b) 

are given by 

Si(b) — max{n|e"6 ^ 0}, 
(Pi(b) = max{n\f?b ^ 0}. 

(iu) Let (£(oo), B(oo)) 6e a crystal base ofU~{o) B(p6) is a crystal associated 
with U~(q). Set B(—oo) = B(oo) A . B(—oo) is isomorphic to the crystal 
associated with C/+(g). In fact, we have B(—co) = B(oo) A = £>(oo) v by 
b A <-» b v . For any b G B(oo) and i G / there exists k such that e^b = 0. 
Then, £i(b) and ifi(b) are given by 

£,(&) = max{n|e"& ^ 0}, 
tpiib) = (hi,wt(b))+Ei(b). 

3 Crystals of modified quantum algebra 

This section is devoted to review 0,0 (See also 

3.1 Modified quantum algebra and Crystal base 

For an integral weight A G P, let U q (g)a\ be the left f/ g (g)-module given by 

U q (g)a x := U q (g)/ £ U q (g)(q h - g< ft ' A >), (3.1) 



5 



where a\ is the image of the unit by the canonical projection. We set 

^(fl) = 0^(0)«A, (3.2) 

\eP 

which is called modified quantum algebra. 

We shall see a crystal base of U q (g). Taking A G P and choosing (,fi E P+ 
such that A = C~ Mi we S e ^ the following £/ g (g)-linear surjective homomorphism: 

tt c , m : U q (g)a x — > ^(0®V(-A*), (3.3) 
a A ^> ® u-p. 



where V(C) and V(— /i) are as in Example 2.4 (hi) and and are their 



highest weight vector and lowest weight vector respectively. 

Theorem 3.1 (cf [Q) For any A £ P, there exists a unique pair (L(JJ q (g)a\), B(U q (g)ax)) 
which satisfies the following properties. 

(i) We set A :— {f(q) G Q(o)\f has no pole at q — 0}. L(U q (g)a\) is a free 
A-module such that U q (g)a\ = Q(q) ®a L(U q (g)a\) and B(U q (g)a\) is a 
Q-basis of the Q-vector space L(U q (g)a\)/qL(U q (g)a\). 

(ii) For any £, fi G P+ with A = C — we have 

7T CjP (i(l7,(fl)oA)) C L(C) ®a 

and f/ie induced map TTf,^.' 

tt Ci/1 : L(!r q b)a x )/qL(U q b)a x ) — » (L(C)M(O) ® (£(-,u)M(-/i)), 

sate/^es 7f C)/J (S(C/ g ( )a A )) C 5(C) ® 5(-/i) U {0}. 

(in) There is a structure of crystal on B(U q (g)a\) such that t^q^ gives a strict 
morphism of crystals for any C, M £ P+ with A = £ — /i. 

Set 

(L(tf 9 (fl)),iJ(Cr,(fl))) := 0(i(C/ ? ( )a A ),5(C/ g ( )a A )). 

AGP 

Remark. B(U q (g)a\) is a normal crystal and then B{U q (g)) is a normal crystal. 



Let 5(oo), 5(— oo) and T A (A G P) be the crystals given in Example 2.4 
The following theorem plays a significant role in this paper (See j|, Sec.3]). 

Theorem 3.2 B(U q (g)a\) = 5(oo) ® T A <8> B(-oo) as a crystal. 
Corollary 3.3 B(U q (g)) = © Ae pP(oo) ® T A ® 5(-oo) as a crystal. 
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3.2 Description of the operation * 

By the definition of the operation * given in ( |2.5| ), it acts on an element of 
U q {o) as follows; Let P be an element of U~ (o)U q (q) + U^(q)U~(q). Arbitrary 
element u £ U q (g)a\ can be written in the form u = Pa\. Then we have 

{Pa x )* = a_ A P*. (3.4) 

Furthermore, we have the following results: 

Theorem 3.4 ([§]) (i) L(U q (g)) is invariant by *. 

(ii) B(U q (g)y=B(U q ( 3 )). 

(Hi) For A £ P, b\ G B(oo) and b 2 6 B(—oo), we get 

(h ®t x ® b 2 )* =bl® t-A-t«t(6 1 )-«>t(6 2 ) ® ^2- (3-5) 

3.3 Weyl group action and Extremal vectors 

This subsection is devoted to review j|, Sec. 7. 8. 9]. Let B be a normal crystal 
(Sec Definition 2.3 (iv)). Let us define the Weyl group action on the underlying 
set B. For i G / and b G £?, we set 

r £ ( «)> 6 if (^,^ £(fo )} > 

\ g7<^W>& if <*,,«*(&)>< 0. (3 - 6) 

We can easily obtain the following formula: 

52 = id, = = (3.7) 

where Sj(A) = A — (hi, \)cti is the simple reflection. 

Let g be a rank 2 finite dimensional Lie algebra, and W be the Weyl group 
associated with q. We set w — s il ■ ■ ■ s ik a reduced expression of the longest 
clement of W. Here we get the following (g Sec.7]): 

Proposition 3.5 Let B be a normal crystal. For any b S -B. • • ■ Si k b does 
not depend on the choice of reduced expression. 

Corollary 3.6 {S'i}i=i 1 2 satisfies the braid relation. 

Thus for general g, we know that {Si\i^i defines the Weyl group action on 
a normal crystal B. 

Definition 3.7 (i) Let B be a normal crystal. An element b € B is called 
i-extremal, if e~ib = or fib = 0. 

(ii) An element b £ B is called extremal if for any I ^ 0, 5^ • • • is 1- 
extremal for any i, i\ - ■ - ii £ I . 

Theorem 3.8 Any connected component of B(U q (g)) contains an extremal vec- 
tor. 
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4 Criteria for Crystallized Peter- Weyl type decpom- 
position 

4.1 Right crystal structure on U q (g). 



Let * be the antiautomorphism given in ( J2.5| ). By Theorem 3.4 (ii), we can 
define for b £ B(U q (g)); 

<(6) := £i (6*), ¥>?(&):=¥*(&*), (4-1) 
§*(&) := (e,(6*))*, #(&) := (/*(&*))*, (4.2) 

By these, we can consider another crystal structure on B(U q (o)). This another 
crystal structure has the following remarkable property and that motivated us 
to consider the Peter- Weyl type decomposition on B(U q (o)). 



Theorem 4.1 ([|4]]) e* and f* are commutative with all e%'s and fi's on B(U q (g)), 
that is, on B(U q (g,)) for any i,j £ I 

&j &i = &i &j > fj Cj = e j fj , e j /j = /j §j , /j /j = /j /j . 
A crystal endowed with another crystal structure as above is called bi- crystal. 

4.2 Crystal 5 max (A) 
For A £ P, we set 

B™(A) := {6 e B(i7 g (fl)a A ) | 6* is an extremal vector}. (4.3) 

By the following lemma, P max (A) is a subcrystal of B(U q (g)). 
Lemma 4.2 

^P max (A) c P max (A) U {0}, /,P max (A) c P max (A) U {0}. 

Proof. Let 6 be an element of P max (A) . For any i, ii, ■ ■ ■ , £ I, by the definition 
of extremal vector, b* satisfies, 

iiSi, ■■■S ik b* -0 or f i S il ---Si h V = 0. (4.4) 



By operating * on the both sides of (|4.4| ) and by the fact ** = id, it follows that 

e*S* 1 ---S* k b = or f*Sl---S* k b = 0, (4.5) 

where S*b := [£;(&*))*. This is written by using only £*'s and /*'s. Thus, 
by Theorem 4.1, for any j £ I we obtain 

e*S* ■■■S* k e j b = or •••£*§,•& = 
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and 

e*Si-'- S*/> = or f*S* 1 ---S*J j b = Q. 
Therefore, by operating * on the both sides, we get 

SiSij • • • S ik (ejb)* =0 or faS^ ■ ■ ■ S ik (ejb)* = 

and 

eiS h ---Si, (fay = o or fiS h ---Si, (fay = o. 

We have completed the proof. rj 
The crystal £? max (A) has the following properties: 

Proposition 4.3 ([§) (i) For any i G /, S* gives an isomorphism; 

S* : 5 max (A) L? max ( Sl A) (4.6) 

b — » S*b 

(u) Let u\ G B(U q (o)a\) be the corresponding element to Uoq <g> t\ ® w_oo 
through the isomorphism B(U q (g)a\) = B(oo) ® T\ ® B{— oo). T/ien w.\ £ 
B max (A). 

4.3 Criteria for Peter- Weyl type decomposition 

For A G P, set 

B{\) := {X il ---l ife u A ;X i = e i ,/ i , e 1} \ {0} C B(U q ( Q )a x ), 
B(\)* := {X* • ■ • ; X, = e~ 4 , ^ G 7} \ {0}. 

Remark. 

(i) In terms of crystal graph, B(X) is a connected component of B(U q (g)a\) 
containing u\. 



(ii) If A is a dominant, B(X) coincides with the one in Example 2.4 (iii). 
(Hi) B(X)* is stable by the actions of e* and /*, that is, 

e*B(\y c B{xy u {o}, f*B(xy c B(xy u {o}. (4.7) 

(it>) By the definition of e* and /*, we have 

x* 1 ---x* k u* x = (x il ---x ik u x y. 

Therefore, we get 

B{X)* = {b* ; b G B(X)}. (4.8) 
We consider the following three conditions. 
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(CI) For any extremal vector b £ B(U q (o)), there exists an embeding of crystal 

B(wt(b)) B(U q (g)), 

given by u wt{b) ^ b. 
(C2) For any A £ P, B(X) X = {u x }. 

(C3) (transitivity of extremal vectors) For any extremal vectors b\, bi £ B(X), 
there exist i\, ■ ■ ■ ik such that 

bi = Si x ■ ■ ■ Si h b\. 

Proposition 4.4 If U q (o) satisfies the conditions (CI), (C2) and (C3), there 
exists the following isomorphism of bi-crystal; 

B(U q (&))= 5 max (A)®B(-A)*, (4.9) 
xeP/w 

where W is the Weyl group associated with q and an isomorphism of bi-crystal 
is, by definition, an isomorphism for both crystal structures. 

Remark. The tensor product in (^^) has a different meaning from usual tensor 
product of crystals. In the tensor product in the R.H.S. of ( |4.9| ), Si and /, act 
on the left component and e* and /* act on the right component, that is, for 
u <g> v £ B max (A) ® B(-X)*, X t {u ® v) = XiU ® v and X*(u <8> v) = u ® X*v 
(X t = eufi). 

Proof. In order to show the proposition we shall see the following lemmas. 
Lemma 4.5 We set 

B{\) := {XI ■■■X*b;b£ B max (A), ij £ I, X t = e,, /*} \ {0}. (4.10) 

If the conditions (CI) and (C2) hold, B(X) has a bi-crystal structure and we 
have the following isomorphism of bi-crystal; 

( /? :B raax (A)<»B(-A)* 5(A), (4.11) 

b<g>x* i .--x; k u*_ x ^ K---x; k b. (4.12) 

Lemma 4.6 Assume that the conditions (C3) holds. The following (A) and 
(B) are equivalent: 

(A) A, A' £ P satisfy A' = wX for some w £ W , 

(B) B(X) = B(X'). 
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Lemma 4.7 We assume that (C3) holds. For A, A' 6 P if there is no w G W 
such that A' = wX, we have 

B(X)nB(X') = 0. 



Proof of Lemma 4.5. To see that B(X) is a well-defined bi-crystal, it is sufficient 
to show the stability of B(X) by the actions of ej, fi, e* and /*, which is derived 



easily from Theorem 4.1 and Lemma 4.2 



Next we shall see the wcll-dcfinedncss of the map <p. Since the definition of 
the map ip depends on the expression of a right component, we shall show 



(I) If X* • ■ • X* k u*_ x = 0, X* • ■ ■ X* fc 6 = for any b G B max {X). 

(II) If XI--- X*u*_ x =X* l -.- X*u*_ x ± 0, then 

x* h ■■■x* k b = x; i ...x* l b^o 

for any b G B max (A). 



(I) Under the assumption • • • X* k u*_ x )* = X il ■ ■ ■ X ik u-\ = it is enough 
to show 

(x* ■■■x* k by = x il -..x ik b* = o. 

By the definition of i? max (A) and Theorem |3.4| (iii), b* is an extremal vector and 
has a weight —A. Let B' be the connected component containing b*. Since the 
condition (CI) holds, B' = B(—X) by b* <-» Thus, we obtain (I). 

(II) We set Yl = Si if Xi = U and % = fa if Xi — e^. Then we have 
f.* ... Y* X* ■■■X*b = b. Therefore, it is sufficent to show that 



Y*..-Y*X* 1 ...X* i b = b. 



(4.13) 

We know that b* is an extremal vector and wt(b*) — — A. Let us denote B' for 
the connected component containing b*. By applying * on the L.H.S of (4.13), 
we get 

(y* ■ • • -x;by = Y tk ■ .-Y^ ■ -.X n b* G B' 

Since wt{Xl ■ ■ ■ X*u*_ x ) = wt{X* n ■ ■ ■ X*u*_ x ), we get 



wt(Y ik ■ ..Y h X h ■ ..X h b*) = wt{b*) = -A. 



(4.14) 



By the co nditi on (C2) and the fact B' = B(-X), we know that B'_ x = {b*}. 
Thus, by ( |4.14| ) we have 



Applying * on the both sides of ( 4.15 ), we obtain ( 4.13| ). 



(4.15) 
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By Theorem 4.1, it is trivial that 



Ifi O Xi = Xi o tp 



and 



Thus, the map ip is a morphism of bi-crystal. 

We shall see the surjectivity of the map ip. It is enough to show that if 
A* ■ --X*b £ B(A) for b G B max (X), A* • ■ ■ X* k u*_ x ^ 0. It is shown by the 
fact that B' = B(—X), where £?' is the connected component including b*. 

Finally, we shall see the injectivity of the map (p. For u — bi®X* • • • X* u*_ x 
and u = b 2 ® X* i • • ■ i"- wl A G 5 max (A) <g> S(-A)*, we shall prove that if <p(u) = 



u = v. Applying * on ip(u) = ip(v), we get 

X%! ■ ■ ■ X ik b* = X n ■ ■ ■ Xj, b* 2 . 



(4.16) 



Since both b\ and b% are extremal vectors with weight — A and ( 4 . 1 6| ) implies that 
b\ and b\ are contained in the same connected component, by the conditions 
(CI) and (C2) we obtain b* = b* 2 and X H ■ ■ ■ X tk u*_ x = X h ■■■X n u*_ x . Thus 

□ 



we get u — v. Now we have completed the proof of Lemma 4.5. 



Proof of Lemma i.t. In order to see (A) (B), it is enough to show that for 

B(X') c B(X). (4.17) 



By Proposition |4J (i), S* : B max {X) — >B max (A'). Then we have 
B max (A') = S*B max (X) c B(X). 

Therefore, we get 

B(X') c B(X). 

Since A = SjA', we also get B(X) C B(X'). 

Next we shall see that (B) => (A). For u\ G B max (A) there exists b G 
B max (X') and i u ■ ■ ■ ,i k such that 



u\ = X* 



Applying * on the both sides, we get 

u* x = X h .-.X ik b*. 

This implies that u x and b* belong to the same connected component. Since 
both u x and b* are extremal vectors, by (C3) there exist ji, • • • ,ji such that 



— Sj 1 ■ ■ ■ Sjfi*. 



(4.18) 



Here note that wt(u*) — -X and wt(b*) = -A' by Theorem ^4| (iii). Thus, by 
(U) and (|4.18[) we obtain A = s jl 



■ sj, X' 



□ 
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Proof of Lemma We assume that P(A) n P(A') ^ and 6 £ B(X) D B(X'). 
There exist i\, ■ ■ ■ , ik, ji, • ■ ■ , ji £ / such that 

61 1=^* •■•!*&£ P max (A), 

6 2 :=l* 1 ---l*6eS max (A'). 

By the definition of -B max (A), b\ and b 2 are extremal vectors and 

wt{b\) = -A and wt(b* 2 ) = -A'. (4.19) 

We also get 

b 2 =X* i ---X* i Y* k ---Y* i b u (4.20) 



where Yi is the same one as in the proof of Lemma 4.5. Applying * on the both 
sides of (4.20), we get 



b 2 — X jl 



■ Y h* 



This implies that b^ and b 2 are in the same connected component. By virtue of 
(C3), there exist ai, • • • , a n such that 

b* 2 = S ai ■ ■ ■ S an bl. (4.21) 

By (fT7|), ( 1.19| ) and (4.21), we obtain X' — s ai ■ ■ ■ s a „A, which is a contradiction. 
□ 



Proof of Proposition 4.4. By Lemma fhq, we know that for A^A' 6 P if there 
exists w £ W such that A' = wX, 5(A) = B(X') and otherwise, P(A) nB(A') = 
by Lemma 4.7. Therefore, we get X^agp ^(^) = ®\ep/wB(X) and then 

B(X) C B(U q ( 9 )). (4.22) 

AeP/w 

On the other hand, for any b £ B(U q (g)) let P' be the connected component 
containing 6*. By Theorem 3.8, there exist , • • ■ , Xi k such that Xi 1 ■ ■ ■ Xi k b* 
is an extremal vector. Then there exists some fi £ P such that 

(^••■^^^•••i^eB^M. 

This implies 6 £ B(fi). Therefore, we get 



B(U q ( 3 ))cJ2 B W= w 

\eP/w 



(4.23) 



AGP 



By (4.22) and (4.23) we obtain 



B(U q ( Q ))= B{X). 
\eP/w 



Finally, by Lemma 4.5, we get the desired result. 



□ 
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5 Crystallized Peter- Weyl type decomposition 
for level part of B{U q {s^)) 

In this secton we set g = st 2 . As an application of Proposition O, we shall give 
the Peter- Weyl type decomposition for the level part of B(U q (sl2)) explicitly. 
The notations and terminologies using in this section follow || , [|l0| Sec5-Sec7] . 

5.1 Crystals of level part of £7q(s[ 2 ) 
In this subsection we shall review || . |nj . 

Let us denote U q (g)o for the level part of U q (q) given by 

U q ( S )o--={beU q ( 9 )\(c,wt(b))=Q}= U q (g)a x . 

AeP : = {AeP| (c,A)=0} 

We set 

Boo := {{n)\n £ Z}, (wt(n) = 2n(A Q - Ai)). 
We define the crystal structure on B^ by 

§i(n) = /o(n) = (n - 1), e (n) = /i(n) = (n + 1). 

£i(n) = ipo(n) = n, e (n) = ifi(n) = -n. 

Remark. We shall identify B^ with Z. Then we can consider summation, 
subtraction and absolute value for elements in -Boo. 
We set 

V(oo) := {(-,i k ,ik+i,-,i-i)\ik £ Boo and if |fc| > 0, i k = (0)}, (5.1) 
V{-oo) := {{i ,-,ik,ik+i,-)\ik € Boo and if |fc| > 0, i k = (0)}, (5.2) 

Then we get the following isomorphisms of crystal (§,|l(], 5.1]) 

5(oo) = P(oo), B(-oo) S-p(-oo). 

For an integer m we set 



fm := {p = (• • • , ik,ik+t, • ■ ■ ,i-i,io, H, — , ii,k+i, ■ ■ -)\ ik E Boo 
if k <C 0, ifc = (0) and if Z » 0, ^ = (m) and i 2 i+i = (— m)} . 

Furthermore, let us associate ci weight with p G T^m 

by the following: 



(5.3) 



wt(p) = (V + «fe)(A - Ai) 

fce Z (5-4) 
+ EfceZ fc(max{i/c_i, -i fc } - max{gk-x, -gk}))5, 
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where I is an integer and (gk)k is the element in V m given by gu — (0) (fc < 0) 
and gt — ((— ) k m) (fc > 0). We set V m ,i — V m as a set and weight of an element 
in V m ,i is given by (5.4). For A = to(Ao — Ai) + IS we have 

Vrn.i S B((7 g (^)a A ). (5.5) 

Let us call an element of a paf/i. 

For n G Z> , let V m (n) be the subset of V m with n walls as in Sec 5.3]. 
For a sequence in m-domain configuration (see |l(], Sec 7.1]) t = (tx, ■ • ■ , i„-i) 
and a sequence c = (ci, • • • , c n _i) G Z™^ 1 let V m ,i{n\ t; c) be the same object as 
in |H], Sec 7.4]. By Q we get the following 

Theorem 5.1 V m ,i{n;t\c) is a connected component ofV m ,i o,nd any connected 
component ofP m ,i coincides with some Vmj.in'^c). 

The crystal B(oo) has another path realization. (See ||). For i £ I, let Bi be 
the crystal as in Example |2.4| (ii). We define the map ^ : B(oo) — > B(oo) ® Bi 
by = b Q ® /7"(0)i, where m = £*(&) and 6 = e* m 6. Then we have the 

following; 

Theorem 5.2 ([^]) -For any i G J, 'Pj gives a strict embeding of crystals. 

Let us take a sequence 11,12, • • • , i„ G / = {0, 1} such that ik ^ ik+i- 
Remark. In the case g = 5I2, there are only two choices of a sequence i\, 12, • ■ ■, 
(ii.ta,---) = (1,0, 1,0,---) or (0,1,0,1,---)- 
By iterating we obtain; 

$ in ,...,i t : B(oo)^B(oo) ® B^^Bioo) ® B, 2 <8> B n (5.6) 
-> > B(oo) ® B in ® ■ ■ ■ B h . (5.7) 

For any G -B(oo) if we take n ^ 0, ^i n ,—,ii(&) can be written in the following 
form; 

*W,ii(&) = "oo ® j£"( k ® ••• ® ^(Ojfa (a fc > 0). 

For m > n, since ^w.ii ( 6 ) = ® ® ® (0)t„+i ® /T„"( )^ ® ' - ' ® 

/^(O)^, the sequence ai,a2, • • • does not depend on the choice of n. Thus, we 
have the follwoing embeding of crystal; 

* : B(oo) — ►{(••• , On, a„_i, • • • , ai)| a„ G Z>o, — (fc ^> 0)}, (5.8) 

where ak means /? fc (0)i fc . In j|, the image of the map \P is described explicitly 
for any rank 2 Kac-Moody Lie algebra. In paticular, for g = we have 

Proposition 5.3 We set z n = -^j (n>2). Then we have 

a n G Z>o and a/. = (fc 3> 0) 

15.!,) 



lm*H(...,a B ,a B _ 1) ... | a0l ^ < ^ (n > 2) 
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5.2 Description of S max (A) with level(A) = 



For b = bi ® t\ ® o 2 G £?(oo) <8> Tx ® S(-oo), by Theorem (iii) we get 

6* = 6* ® t-A-ioi^o-u,*^) ® &2 = b i ® *-«*(&) ®^ B (°°) ® r_ wt(fe) <g> B(-oo). 

Thus, by (4.3) and Theorem 3.2 we can write; 



B max (A) = {b*\b £ B(U q (g))-\ and 6 is an extremal vector} (5.10) 

For level weight A, we shall describe i? max (A) explicitly. Set A = m(Ao— Ai)+Z<5 
where l,m£Z. Let p 6 Vk be an extremal vector. Since all walls (sec |l(| Sec 
5.3]) in p are simultaneously + or — by [jl0| Theorem 7.18], we have 

./•,_/ "(Ao - Ai) + j8 if all walls are +, , . 

Wt(P) ~ \ n(Ai - A ) + jS if all walls are -, 1 j 

where n is a number of walls in p and j is some integer. Thus, we obtain the 
following lemma. 

Lemma 5.4 We set A = m(Ao — Ai) + wifft m > (resp. m < 0). If 
b = (• ■ • ife+i, • • ■) is an extremal vector with the weight —A. i/ien 6 /ias m 
walls and all walls in b are — (resp. +) and b* £ V m ,i, ■ 

We shall describe the operation * on an extremal vector p = (•••,«&, ik+i, • • •) G 
B(U q (g) ) more precisely. Set b = (• • • • • - G 'P(oo) = B(oo). We 

can define walls and domains in b by the similar way to the one in ll^, Sec 5.3] 



Definition 5.5 (i) For b = (• • • , i^, ik+i> • • • > i-x) G B(oo), by definition, 
there are + (resp. — ) walls at position k < —1 if ik-i + ik > (resp. 
ik-i + ik < 0) and |ifc_x + ifc| ?s called the number of walls at position k. 
We also call 5Z fc <_ 1 \ik-i + U- fie total number of walls in b. 

(ii) A domain in b is a finite subsequence i a , i a +li • • • , ib such that i a -i+i a 0, 
"lb + ib+i =7= and ij + ij+i = for a < j < b, namely, a subsequence 
surrounded by neighboring two walls or a subsequence • • • ,i c -l> *c (resp. 
i c , »c+ii • • •) such that i c + i c+ \ ^ and + ij =0 for j < c (resp. 
i c -\ + i c =/= and ij-i + ij = for j > c), namely, a subsequence of p on 
the left (resp. right) of the left-most (resp. right-most) wall or an empty 
subsequence without entry which appears between two neighboring walls in 
the same position. 

Remark. The left-most domain is an infinite domain but the right-most domain 
is not infinite. 

Example 5.6 For a path p — (■ ■ ■ , 0, 0, 1, —1, 3, —3), there is a zero-length do- 
main between entries —1 and 3 and there are one infinite domain ■ ■ ■ ,0,0, 0,0 
and two finite domains 1,-1 and 3, —3. 
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If the total number of walls is n, there arc n + 1 domains in b and we shall 
denote do, d\, ■ ■ ■ , d n for them, where do is the left-most domain and d n is the 
right-most domain. All domains except do include finite number of entries. For 
a domain dj (j > 0), let lj be the length of dj(= number of entries in dj). In 
particular, the total sum of lenghts 

n 

Kb) :=5> 

is called length of b. 

Proposition 5.7 Let p = (• • • , if., ifc+i, • ■ ■) S S(?7 g (g)o) &e an extremal vector 
and set b = (■ ■ ■ ,ik, - ■ ■ , «-2, i-i) £ V(oo). Suppose that b has n walls and set 
l'j = J2l=i U (l'n = l ( b ))- Then »e have 

> = 1+1 fl 2 ---fl i+1 h>---fnUoo, (5.12) 

. — n —Ls ^-1 — . — x —<^ — , ' 

In ( 2 'l 

wift the conditions that jk ^ jk+i, &j k +i(fjZ ' ' ' M °o) = if l' m _i < k < l' m and 

{1 i/ a/Z walls in b are +, 
if all walls in b are - . 

To show this proposition, we shall see the following lemmas: 

Lemma 5.8 For b = (• • • ,ik, ife+i, ■ ■ ■ , i-i) € V(oo) and i = 0, 1 we set 

A«(6):=<7(i)(i fe + 2^i j ), W /iere a(i) = { + |j = J' (5.13) 

(i) If there exists k such that 

Af{b) > A®(b) forv<k and A%\b) < A®(b) fork<v< -1, 
we have e^b = (• ■ ■ , ik-i,ei{ik), ik+i, ••• , i-i), otherwise, eib = 0. 
(ii) If there exists k such that 

Af{b) > A^(b) forv<k and A%\b) > A®(b) fork<v< -1, 
we have ~f { b^ (• - - , «fe— l, /*(ife), «fe+i, • - - , *— l)- 
(m) £j(6) = max fe <_i{A^(6)}. 
(*«) //i fc = -ifc+i, then Af(b) = Af +l (b). 
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(v) If lib = (• • • ,ik-i,ei(ik),ik+i, • ■ •)> we ' lol,e 



4° (6) 



if v < k. 



A^(b)-1 if i/ = Ar, 
- 2 if v > k. 



Remark. Since j4^(&) = -4^(6) for |j ^> 0, there always exists k as in (ii). 
Thus, fib ^ for any i. 

Proof, (i) and (ii) are easily obtained by Lemma 3.6 in ||. Using (2.22) 
repeatedly, we get (iii) . (iv) and (v) are trivial by the definition of A% (b) . q 

Lemma 5.9 For b =(•■■, i^, ik+i, i—i) G 'P(oo) = B(oo) suppose that all 
walls in b are — (resp. +) and set §q 6 = (• • • , ijj., *fc+i> ' ' ' > *-].)• ( r esp- 



(• • • , • • • , r/ien we have 



l k = -u-i 



/or fc= -1,-2, 



(5.14) 



Proof. We shall show the case that all walls are — . Let M :— {mi, ■ ■ ■ , m p } be 
the set of indices such that i mj -i+i mj < and mi < m-2 < • • ■ < m p . Here note 
that any domain i mj , i mj +i, ■ ■ ■ ,i mj+1 -i is in the form; I, , (— ) m i+^- m i- x l. 

By this fact and Lemma |5.8| (iii) , we have 



A^l(b)<A^ 2 (b)<-..<A^l(b)=e (b), 



(5.15) 
(5.16) 



We set rij := — i m j—i ~ *m,-- Here note that by Lemma 5.8 (i) and (iv), ii acts 
on some i/- (k S M) or e^o = 0. In this case, by (5.15) we know that eo acts on 
i m . Since eo(ife) = ifc + 1, if we apply e p on b, by Lemma 5.S (v) we get 



e^6 = (■ 

= (• 



>im p — 1j6q (i mp ), irrijj+l) ' ' ') 
j im p — lj — imp — lj *m p + lj ' ' ') 



Furthermore, if we apply eo on e p 6, it acts on i mp _i by Lemma 
Repeating this, we obtain 



(5.17) 
(5.18) 

(ii) (v). 



(' ' ' ) ^0 ('mi))"'i e ('itij))'")6Q (*m p )j ' ' ')• 



Here note that 



Since L 



p 

i=i 



J2(i™ j -i+i mj )=AW(b) = e (b). 

4=1 



+ e J (i mj ) = 0, we have 



(5.19) 
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If k M, then i' k — ik and Zfc_i + ik = 0. This implies 



ij. = — ifc-i for fc ^ M. 



(5.20) 



By ( 5.19 ) and ( 5.20 ) we obtained the desired result. The case that all walls are 
+ is also shown similarly. rj 



Proof of Proposition 5.7. We shall show by the induction on 1(b). If 1(b) = 1, b 
is in the following form; 

b= (■■■, 0,0,0, k). 

If k > 0, all walls in b arc + and b = /fuoo- If fc < 0, all walls in b are — and 
b = /q^'woo- Suppose that 1(b) > 1 and all walls in b are — . Lemma 5J) implies 

that all walls in & are + and l(e.Q b 'b) — 1(b) — 1. Then, by the hypothesis 
of the induction, 



~eo(6)i 



^ — /"'" /jV +i /jV ' ' ' +i ' ' ' u ° 

n-r 2 1 v 1 



(5.21) 



-i+i„ 



Since £o(&) = n and 6 = f^e^b, we obtain the desired result. The case that all 
walls in b are + is also shown similarly. rj 



We shall introduce the following lemma similar to Lemma 5.S. 
Lemma 5.10 For &=(•••, cife, a,k~i, • ■ • , 02, &i) G £?/ we set 



A k °>(b) 



a-2k 



-1 + 2 y^(q 2 j-l - a 2 j- 2 ) (fc > 1) 



i>fe 



«2fe + 2y^(q 2 j - a 2 j-i) (fe > 1). 
j>fc 



(5.22) 
(5.23) 



(i) If there exists k such that A.[ i] '(&) > M ] (b) for k < v and A® (b) > A { J ] '(b) 
for k > v > 1, 



ib = 



(•••,a 2 fe-i - 1, •••) i/i = 0, 
(••■,02fc -!,•■•) i/£=l, 



otherwise, eib = 0. 

J/taere msts fc suc/i tfcaf > a£°(6) fork<v and Af '(b) > A ( J ] (b) 

for k > v > 1, 



/<& = 

(m) £j(6) = ma,x k >i{A^}. 



(■ ■ ■ , »2fe-i + 1, • • ■) ifi = 0, 
(•■•,a 2fe + !,•••) i/* = l, 
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It is easy to show this lemma by Lemma 1.3.6 in [Bj. 
We set 

Bj := {(■■,a fc> a fc _ 1> ...,a 1 )|^^^| a fc } C *(fl(oo)),(5.24) 

Bu := {(•••,i^ /W ,---,i- 1 )G?(c<))| (5-25) 

where we set (• • • , Ofe, • • • , a 2 , ai) := Uoo ® ■ • • ® /i° 2 (0)i <8> /o 1 (0) - 

The following lemma guarantees that B7 and -B77 are stable by the action of e!j. 



Lemma 5.11 (i) If b — (■ ■ ■ , cife, afc-i, • • • , ai) G -Bj and ej6 ^ 0, e^o G Bj. 

(ii) Ifb= (■•■ , ijfejife+i, • • • G S// and gj6 ^ 0, e t b G B H . 

Proof, (i) We consider the case of i = and b G -B7. We assume that a 2 fc + i 
changes to a 2 fc+i - 1 by the action of e and a 2 fc+i = a 2/ t +2 . (6) — ^4^ x (6) = 

a 2 fc+i - 2a 2fc+2 + a 2fc+3 = agfc +3 - a 2 k+2 < 0. This means (b) < A^l^b), 
which contradicts Lemma 5.10. Thus if a 2 k+i changes to a 2 k+i — 1 by the action 
of eo, a 2 k+ 2 < a 2 k+i- As for the i = 1-case, we can show similarly, 
(ii) For &=(••• ,i k ,i k+ i, ■ ■ ■ G B H suppose that e b = (•••, ik + 1, • • ■) 
0. Let A^ (b) be as in Lemma 5.8. By the assumption we have A^ (b) > Aj?\ (6) 
and then ik + ik-i < 0. Suppose that ik > 0. Then —ik-i > ik > 0. This 
means |i&| < |ifc-i|, which is a contradiction. Thus we have ik < 0. This 
implies < ik-i < —ik and then < ik-i < — ik — 1- Therefore, we get 
|ife-l| < |ife + 1| = |e (ifc)|. Then it follows that if e b ^ 0, e o G B77. The 
i = 1-case can be shown by the similar way. rj 

Jiemari. 



(i) We know that a vector in Bi is in the image of W by Proposition 5.3. 
(ii) Any element b = (• • • , a 2 , ai) G -B7 is in the form: 

■■■,n,---,n). 

/„ 

Now, we shall show the following proposition: 
Proposition 5.12 For 6 G B(oo), suppose that 

*(6) = (-..0,0,di,---,dn)e-Bi, (5.26) 
where as in Remark (ii) as above; 

d m = m, ■ ■ • ,m = ® • • • <g> jfy G B a « ® • • • ® B,™ , (sf = 0, 1). 
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Then we have 

$(b) = (•• -0,0,4 •••,4) e S//, 

where <3? is £/ie isomorphism <£> : _B(oo)-^->'P(oo) and 

4 = <r( S f)m, • • • , £r(*£) m G Btx® 11 



(5.27) 



To show the proposition, we shall prepare several lemmas. 



Lemma 5.13 LetA^(b) be as in Lemma |5.<5| and A^\b) be as in Lemma \5.1(\ 



Let b\ — (• • • , a2, ai) G -Bj oe as in (5.2t ) and hi = (• • • , £-2, i— 1) G Bh be as 
in ( 5.21 ). Then fcbi — (• • • , ak + 1, • • •) (resp. ej&i = (• • • , at — 1, • • •)) z/ and 
0^2/ «//i&2 = (• • • , fi(i-k), ■ ■ ■) (resp. iib 2 = (• • • , ei(i_k), • • •))■ 

Proof. First, we shall show 

4 (&i)=4Vi-i(fc). ( 5 - 28 ) 

for any k G Z>o and i G {0, 1}. For this purpose, we shall see the following; 
Lemma 5.14 (i) If ' a 2 k-i+i is in d m (i.e. a 2k -i+i = m), 

Afibx) = ${M =*, 1 < 3 < m} - ${j\4 = l-i, 1 < j < to}. (5.29) 



(ii) Ifi-2k+i-i is in d m , 



A 



2k+i-i( b i) = ttOVi = h l<j<m}~ ${j\s\ =l-i, 1 < j < m}. 



(5.30) 



Remark. Even if l m = 0, s™ and s™ are uniquely determined by applying the 
conditions s] n 7^ s™ +1 , s™ 7^ sj" - ^ and if l m is even, s™ 7^ s™ to the nearest 
non-empty domains. That is, let d Q , db, d c (a < b < c) be domains such that d a 
and d c are non-empty and db is the empty domain surrounded by d a and d c . 
Then and s z b fc are given by s\ = 1 — and = 1 — sf. 

Proof, (i) We shall consider the i = case. We know that a 2 k- 2 is the 
left-most entry of some d m if and only if 02^-1 < a2fc-2- Now, a 2 k-i implies 
fi 2k ~ 2 (0)i. Since the index of the left-most entry o f d ? i s s{, if a2fe-i is in some 
d m (i.e. a 2 k~i = to), by the remark as above and (5.22), we have 



A { °\bi) = oa/b-i - n{j\4 = 1, 1 < 3 < m} 

= m- 2i{j\s{ = 1, 1 < j < m} 

= %{j\s{ =0, 1 < j < m] + ${j\s{ = 1, 1 < j < m} - 2${j\s{ = 1, 1 < j < m} 

= ${j\s{ = 0, 1 < j < m} - ${j\s{ = 1, 1 < j < to} 
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Afc(bi) is also given similarly. 

(ii) Wc shall consider the i = case. By (|5.13 ), we can write 



4 03 (M 



(5.31) 



We know that i 



^ if and only if ij is the left-most element of some d n 



Here note that if j is odd, ij-i + ij < and if j is even, + ij > by the 
conditions of Bjj. Let ij be the left-most element of d m . If j is even, s™ = 1 
and if j is odd, s™ = 0. Thus, if i_2k+i is in d m , by the remark as above and 
( |5.31 ) we have 



.4 



(0) 
-2k 



-i(6a) 



-(tt{j|s| = 1, 1 < j < to} - ${j\s{ = 0, 1 < j < mjfi.32) 
tfO'K = 0, 1 < j < to} - tfOK = 1, 1 < j < to}. (5.33) 



^-2fe(^ 2 ) is a l so obtained by the simlar argument. rj 

Proof of lemma 5.1c. By Lemma |5.14 we obtain (5.28). 

For i — case, we set /o(&i) = (• • • , 02fc-i + 1, ■ • •)• By Lemma |5.10 this 



implies that A { °\bi) > A^'ih) for k < v and A£'(bx) > A^"(h) for k > 



r(o.) 



(0), 



r<°>/ 



i/ > 1. Thus, by ( |5.28| ) we have A^ fc+1 (o 2 ) > ^L+i^) for fc < f and 
^ fe+1 (& 2 ) > aL°L +1 (6 2 ) for k > v > 1. Further more, by simple calculations 
and the definition of -B77, for any j £ Z>o we get 



A 



1(0) 

(0) 



^'Uh) - A% +1 (b 2 ) 
^(b 2 )-A%(b 2 ) 



-2j 



l-2j-l 



This implies that 



>A%(b 2 )<A^ 



(o) 

2j- 



f i-2j < 0, 
F «-2j > 0. 

1(62)- 



(5.34) 
(5.35) 



Then by Lemma 5.8 (ii), we know that the action by /o on b 2 never touch 
i- 2 j. Then we get fob 2 — (■■■, /o(*-2fc+i), • ■ •)• Arguing similarly, we have that 
/o&x = (• ■ • , a 2k +i + 1, • • •) if fob 2 = (• • • , /o(«-2fc+i), • • ■)• The other cases are 
shown similarly. rj 



Lemma 5.15 For b G B[ (resp. b £ -B77) i/iere exists i £ {0, 1} smc/i t/ia£ 



Z(et (6) (6)) = /(6)-l, 



(5.36) 



where 1(b) is a length of b given as the largest number k > such that a k 7^ /or 
&= (■•• 1 Oj,Oj_i,-"',oi) {resp. i_ k ^ (0) for b = (• ■ ■ , «_ fe ,«_ fc+1 , • • • , i-i)). 
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Proof of Lemma 5.1 4 If 1(b) is even, we choose i = 1 and if 1(b) is odd, we 



choose i = 0. (Here note that we chose the sequence of indices :(•••, 1, 0, 1, 0) 
for Bi.). We assume 1(b) is odd and then i = 0, and set 1(b) — 2k — 1 and 

eo° (b)& = (' ' -MkMk-ii • ' ' A) (resp. (• • • , j_ 2 fc, j-2k+i, • ' 
Suppose that &2&-1 > (resp. j_2fe+i > 0). Then we have (Sq 6 ^Z>) 



&2fc-i > (resp. A_2k + i(eo° b) = j-2k+i > 0) and then by Lemma |5.10| (ii) 



(resp. Lemma fe^iii)) eo^^^b) > 0, which is a contradiction (see Example 



4| (iv)). Thus, we get &2fc-i = (resp. j'-2fc+i = 0). For b G Bj, a 2 j implies 
/i 2j (0)i- Then eo never touch a2fc-2- Then we have 02/0-2 = &2fc-2- By the 
definition of Bi, we know that &2fc-2 = a 2k -2 > d2k-i > 0. Now, we obtain 



( 15.361 ) for b e Bi. 

For 6 e i?//, by the assumption Z(6) is odd and by the definition of Bn, we 
have i-2fc+i + i-2k+2 > 0. Then, by the facts that <po(*-2fc+i) = «-2fc+i 
and e (j-2fe+2) = -«-2fe+2, we get tpo(i-2k+i) > £0(^-2/0+2) and in general, 
yo( eo"(»- 2t+i)) = Po(i-2k+i) + m > £ (*-2fc+2) = -i-2fc+2 for to > 0. Thus, 



by ( |2.24| ) we obtain 

eo*(i-2k+i ® «-2fc+2) = eo"(i- 2 fe+i) ® «-2fc+2- 
This implies that action of e™ (0 < to < ep(fe)) never touch the entry i_2fc+2 



and then i- 2k +2 = j-2k+2 7^ 0. Now, we get ( 5.36 ) for b G -B77. rj 



Proof of Proposition 5.1^ Let us complete the proof of Proposition 5.12 by 



using the induction on I (9(b)). For the case I {9(b)) = 1, we can write 9(b) 
(•••,0,0, a) = ® / a (0)o (a > 0). Then wc obtain 9(b) = fg(- ■ ■ , 0, 0, 0) = 
(• • • ,0,0, -a) £ B//. We assume Z ($(&)) > 1. Se t 9(b ) = (■ ■ ■ ,a k ,a k -i, • • • ,01) 
and <&(&) = (• • • , i k , ife+i, • • • , i-i). By Lemma 5.15| , there exists i such that 



l(e^^ h '9(b)) = 1(9 (b)) — 1. Since _B/ is stable by the action of ii by Lemma 
|1T| we can set ef b) 9(b) = (■ ■ ■ , a' k , - ■ ■ , o' a , a[) = (■■■, 0, 0, d[, d' 2 , •••,<) G B x 
with 

^ = rrv^vm = /^®---®/^ , 

where 6 {0,1} and Z^ is the length of eZ^. By the hypothesis of the 
induction, we can write e|*^ (9(b)) = 9(e e i '^b) — (■ ■ ■ , i'_ k , ■ ■ ■ , i'_ 2 , i'^i) = 
(•••0,0, d[, d' 2 , ■■■J'r) with 

d' rn =a(t?)m,---,a(tpjm. 

We consider i = case. If /oSq 6 ^ 9 (b) — (■ ■ ■ , a' 2k+1 + 1, • • •), by Lemma 
P3| we get f e Q oib) 9(b) = (•••, /o(i'_ 2fe _ 1 ), ■ • ■)• Here note that / (*'_ 2fc -i) = 
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z1 2fc _ 1 — 1 and i'_ 2 k-i ^ by the definition of then |/o(*'_2fc-i) = l*'-2fe-il + 
1 = a' 2k+1 + 1. Repeating this ea(b) times, since fo°^eQ°^$(b) = $(&) and 
/ O m eo o(b) *(6) 6 Bi (Q < m < s (b)), we obtain the desired result. Q 

Proposition 5.16 For b £ B(oo) suppose that all walls in $(o) = 
(• • • , ik, ifc+i, • • • , i-i) G 'P(oo) are — (resp. +) and i/ie foiaZ number of walls is 
n G Z>o- (Then there are n finite domains.). Let lj (1 < j < n) 6e i/ie length 
of the j-th finite domain. Then we have 

$(6*) = (-.., 0,0,^, •••,J„), 

rfj = {-P +1 h • • ■ , (-) fcj+ ^ 1 J, (5.37) 

(resp. J, = R^ +2 J, • • ■ , R fc ^j), (5.38) 



where kj G { — 1, —2, • • ■} is £/ie position of the left-most entry of dj. 

Proof. We assume that all walls in b are — . Here note the following: 
if b G B(oo) can be written b = f™V with e^o' = (that is, £^(6) = m), 

= &' ®/r(o)i (5.39) 



since £*(o*) = £j(6) = m. (See 5.1.). By Proposition 5.7, we can write 6 in the 
following form; 

b = fo ■ ■ ■ fj t , f\, ■ ■ ■ fl, X1 fj v ■ ■ ■ fn u c 




In 

with the conditions jk ^ jk+i (1 < k < l' n ) and 

e, fc+1 (/™---u oo ) = 0, (5.40) 

for l' m _i < k < l' m and 1 < m < n. By virtue of ( 5.40 ), we can apply ( |5.39| ) to 
b* repeatedly and obtain; 

*(&*) = (•••,0,0,d 1 ,d 2 ,---,d„), (5.41) 

where 

d m = m, • • • , m = f$k <g> • • • and sf =0 (1 < m < n). 
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Since the vector (5.41) is in Bi, by Proposition 5.12 we have 
$(6*) = (•••, 0,0, 4 4, •••,<*„), 

with 

" V ' 

l m 

We set $(6*) = (• • ■ , • ■ • , i_i) and *(&*) = (■ ■ • , a k , ■ ■ ■ , ax). If k is odd 
(resp. even), we have a k = /o fc (0)o (resp. a k — fi k (0)i) and i-k < (resp. 
> 0). Then we have dj = dj (1 < j < n). rj 

Now, we shall give the similar description for B(—oo). By the definition of 
A, we have 



(n)' 



Boo 

(-n). 



As mentioned in Example 2.4 (iv), S(^oo) = £?(±oo) v = £?(±oo) A . Then we 
can identify V with A on £?(±oo). We obtain the following isomorphism: 

$ + := A o $ o A : B(-oo)^P(-oo). 



Remark. For 6 G B(oo), if we set 



$(6) = (• • ■ ,i_ fc , i_fc+i, • • - ji-i), 

$ + (o A ) = (io,---,ife,ifc+ir--)> 



we get jfe 



-«-fe-i. 



Proposition 5.17 For 6 G B(— oo) suppose that all walls in <I> + (6) = (io, • • ■ ,ik,ik 
V(—oo) are — [resp. +) and £/ie number of walls is n G Z>o- (Then there are n 
finite domains.). Let lj (1 < j < n) be the length of the finite domain dj. Then 
we have 

$ + (b*) = (d n ,d n -x,---,dx,0,0,---) 

where 

dj ■■= (-) kl+1 J, H kj+2 J, • • • , (-)**+'' j, (5.42) 
(resp. := (-)^j, • ■ ■ , R^'" 1 .?), (5.43) 

V v ' 

h 

where kj G {0, 1, 2, ■ ■ •} is i/ie position of the left-most entry of dj. 
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Proof. If all the walls in some element 60 € B(oo) are + (resp. — ), by the 
Remark as above all the walls in b := 6g = &o are — (resp. +). By the 



commutativity of V and * and Proposition 5.16, we get the desired result. rj 
For m £ Z, we set 

, > f, . . eBoo and if fc| > 0, 

For A = m(Ao — Ai) + 16 by jl(j, 5.2], there exists the isomorphism 

T A ®7>(-oo) - V m (-oo) (5.44) 
<a ® (io, ■ ■ ■ ,hk,hk+i, ■ ■ •) <-* (io + m, ■ ■ ■ ,i k + (-) fe m, • ■ •) 

where weight of b in P m (—oo) is given by wt(b) = A + wt(b') (t\ ® 6' <-> 6). 
Now, we can describe the operation * on extremal vectors. For a level weight 
A = m(A — Ai) + IS, let b = (• • • , ifc, ifc+i, • • •) € S(C7 g (fl)o)-A be an extremal 
vector. By ( |5.1l| ) and Lemma 5.4, if m > (resp. m < 0), then all walls in b 



are — (resp. +) and the number of walls is \m\. There are \m\ — 1 domains in b 
denoted di,d 2l ■ ■ ■ , d| m |_i- Let lj be the length of dj and kj be the position of 
the left-most entry in a domain dj with lj > 0. 

Theorem 5.18 For A = to(Aq — Ai) + 15 with m > (resp. m < 0) let 
b =(•■■, i k , ifc+i, • • •) € S(J7 9 (g)o)-A be an extremal vector as above. Set 

dj := 4. , • • • , 4. +1 _ a = (-) fc ^-,(-)^ +1 J,---,H fcj+1 " 1 J (5.45) 

(resp. :=i' kj A j+ x,---A j+1 -i = (-) kj+1 J, R fcj+2 V ■ • , H^j )- (5-46) 



TTien we obtain 



(■ ' ' , ifc, , ■■■) = (•■■, 0, 0, di, • ■ • , d| mhl> (-) t+1 m, (-)« 



m. 



where t is the position of the right-most entry in the subsequence d±, • ■ • , di m i_i, 
that is, t = kj + lj + ij+i + ■ • • + l\ m \-i — 1 */ '3 7^ 0. 



Proof of Theorem 5.1$ . We assume m > and then all walls in 6 are — . Set 



b = bi®t ll ®b 2 £ B(oo) ®T^® B(-oo) (/i := -A - wt(bi) - wt(b 2 )), and 

h = (■ •• ,ik, ■ ■ ■ ,*-2j i-i), 
t f _ l ®b 2 = (io,ii, ■ ■ ■ ,ik, ■ ■ ■)■ 

Let mi and m2 be the total number of walls in 61 and i M £g> b 2 respectively. Here 
note that mi + m 2 < m since the walls of 6 at position are not included in b\ 
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nor t ll ®b2- Let dj (1 < j ' < mi) and d 2 (1 < j < m^) be the domain in b\ and 
fyj (8> 62 respectively and set lj and I 2 the length of ci] and d 2 respectively and 
and k 2 the position of the left-most entry in dj and d 2 with non-zero length 
respectively. That is, 

b x = (••■,0,0,<4---,d r 1 „ i ), 
t fi ®b 2 = (d 2 m2 ,d 2 m2 _ 1 ,---,d 2 1 ,0,0,---). 

Here note that Z] = £j for (1 < j < mi) and Z| = l m +i-j for (1 < j < 7712). 
Also note that fcj = fej if Z] > (1 < j < m i) an d fc| = fc m + i_ 7 if Z| > 
(1 < j < 7112). By Proposition 5.12, Proposition |5.17 and (5.44), we have 

&I = (-.-,0,0,dl,---,O. ( 5 - 47 ) 

*A ® 65 = 4 2 -l: • • • : R' + V H'+V ' ' 0, (5-48) 

where t is the position of the right-most entry in the subsequence d 2 Jl2 , a~ ri2 _ 1 , ■ ■ ■ , d 
and 

d) = (-) k h,(-) k ^ +1 Jr--A-) k ^- 1 J, (5.49) 
" » ' 

3 

d 2 = {-)*^ m -j),{-fi+\ m -j),...,{-fU-\ m -j), (5.50) 



In particular, if we denote b* = b\ ® t\ ® b\ = (• • • ,jk,jk+i, • • •)> we have 

= —mi and jo = m — m-2. (5.51) 

This implies there are j_i +j'o = m — mi -m2 > walls at position 0. We know 
that there are mi walls in 61 and m.2 walls in t\ (8> 6|- Thus, the total number 
of walls in b* is (mi + TO2) + (w — Wi — 772,2) = m and there are m — 1 finite 
domains in b*. We denote them dj {I < j < m — 1). There are the following 
two cases: 

(I) There is no wall at position in b (that is, mi + m,2 = m). 

(II) There are walls at position in & (that is, mi + m,2 < m). 



(I) In this case, mi = m — m,2. Then by ( |5.51| ) we know that j_i +jo = and 
then there is no wall at position in b*. Thus, we have 



dj = dj = dj (1 < j < mi) and dj = d m _j = dj (m — m2 = mi < j < 
d mi = d} ni U d 2 „ l2 = R fc -mi, H^+V, • • • , (-) fe ™ 1 + 1 - 1 mi = d mi . 
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(II) In this case, m — mi — 1112 > 0. This menas that there exist m — mi — mi 
walls at positin in b* by (5.51). 

dj = dj = dj (1 < j < mi) and dj — d 2 ra _j — dj (m — m-i < j < m — 1), 
dj = = dj (mi < j < m — m 2 ). 



Now, we obtain the desired result. The case m < is also shown by the simialr 
way. □ 

-5-4-3-2-10 1 2 3 4 

Example 5.19 For b = (• • • , 0, 0, -1, 1 , -2, 2 , -2, 1, -1, 1, -2, 2, -2, 2, • • •), 



have 



do 



d 3 



-5-4-3-2-10 1 2 3 4 

6* = (•••, 0, 0, - 1, 1 , -2, 2 , -2, 3, -3, 3, -4, 4, -4, 4, • • •). 

3,2 



Corollary 5.20 For level weight A = m(A - Ai) + IS (I, m G Z), 

B m "(A)= V m ,i{\m\;m;c), (5.52) 

y|n,|-l 



wher 



(l,2,---,m- 1) if m > 0, 
(-l,-2,---,m+l) if m < 0. 



Proof. Let 6 and {dj} be as in Theorem 5.18| . By (5.45) t(dj) — the type of 
domain dj (see pOl Sec 7.1]) is given by 



t(dj) 



-J 



if m > 0, 
if m < 0. 



For 6* as in Theorem 5.18 setting Cj :— [[lj/2]] ([[n]] is the Gauss's symbol), 
we get 

b* eV m {\m\;m;c), (5.53) 
where c— (ci, C2, • • • , C| m |_i). This means 

B"Wc P m ,K|m|;m;c). 

Now, we assume that m > (resp. m < 0). Let bo be an extremal vector 
in Vrn,r(\m\] w; c) (r € Z) with — walls (resp. + walls) and weight wt(bo) = 
— m(A — Ax) — IS. Then 6g is an element of V m ^. 
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This vector bo is in the following form; 
b Q = (• • • ,0,0,di,d 2 , • • • ,d| m |_i, (-l)* +2 m, •••), dj = -j, • • •, 



where t is the same one as in Theorem 5.18|. Because of the form of dj and the 



fact t(dj) = j, the position of the left-most entry in any domain is odd. Then 



by Theorem pU8 



we can write 

6g = (---,0,0, d' v 4, • • ■ , d\ m{ _ v (-l) t+1 m, (-l)*+ 2 m, • • •), dj = —j, j, -j, • • • . 

V 

Thus, we have dj = dj and then 6 = K as an element of V m (\m\; rh; c). (Note 
that in general, wt(bo) — wt(b^) G Z<$.). 

Since P m ,i(l m l> c) is generated by the extremal vector 6g and &q G -B max (A), 
we get 

V mt i(\m\;m;c)cB max (X) for any c. 
Now, we get the desired result. rj 

5.3 Description of B(-X)* 

For A = m(A — Ai) + (m, Z S Z), the generator = ® t-\ ® m_oo 
corresponds to the path 

-2-10 1 2 

&o = (• • • , , , -m, m, —m, • ■ •)■ 

We set 

0:= (0,0,---,0) . 

Then bo is an element of V- m ,-i{\fn\] — m;0). This implies 
B(-A) =*7>_ m ,_ z (|m|;-m;0). 

As we know by the results in the previous subsection, B(— A) C £> max (— A). 
Thus, every element in B(— A)* is an extremal vector with weight A. For 
an element b 6 P_ mi _j(|m|; — fh; 0), let di(&), d2(&), ' • ' > d| m |_i(6) be its finite 
domains and ^(Z*), ■ ■ • , l\m\— iQ 3 ) be their lengths. Since any domain in 

V- m ,-i(\m\; — m;0) is a regular domain (see Sec 7.1]), recalling the defi- 
nition of domain parameter (|Io[ Sec 7.1]), we have l(dj) = or 1 for any j, 
namely, 

V- m ,-i{\m\) -m; 0) = {b e p m _,(|m|) | l{d ) = or 1 for j = 1, 2, • • • , |m| - 1}. 

(5.54) 

We can describe the action of * on an element in B(\) C B max (A) by Theorem 
[5.18 because *~ 1 = *. Then we obtain the following; 
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Proposition 5.21 For A = m(A - Ai) + IS, 

, . f , , ~ b is an extremal vector with \m\ walls, wt(b) = A, 

B( — \) = 06 ^(LMsbJo) , /,i n . j -i iii 

v [ ^ lj(b) — or 1 for any j = !,••• ,\m\ — 1 

(5.55) 

5.4 Explicit form of Peter- Weyl type decomposition of 

5(f/ g (sT 2 ) ) 

The crystal of modified quantum algebra B(U q (sl2)) has a decomposition of 
bi-crystal; 

B(U q {sh)) = B{U q {sh)+) © B(U q (ZT 2 ) ) © B(C/ 9 (^)_), 
where U q (s\2)± '■= J2±{ c a)>o ^<?( s b)aA- The crystallized Peter- Weyl type deco- 



we 



mositios of B(U q (s\2)±) have been given in |4j]. By applying Proposition 4.4 
can describe the crystallized Peter- Weyl type decomposition for B{U q (s\.2)o)- 

Theorem 5.22 There exists the following isomorphism of bi-crystal; 

B(L> g (^) )= B max (A)®B(-A)*, (5.56) 
\eP /w 

where Pq = {A € P\(c, A) = 0} and W is the Weyl group associated with s^. 



Proof. In the course of the proof of Proposition 4.4, it is enough to show that 
the following conditions hold: 

(CI') For any extremal vector b 6 B(U q (sl2)a), there exists an embeding of 
crystal 

B{wt(b'j) ^ B{U q (sh) ), 

given by u wt {b) | -> b - 
(C2') For any A £ P 0) B(X)\ = {u x }. 

(C3') For any extremal vectors b\, b^ £ B(X) (A £ Po) there exist i\, %i, ■ ■ ■ , 
such that 

&2 = Sji S{ 2 ■ ■ ■ Si k b%. 

(CI') For an extremal vector & £ S(t7 g (sl2)o) let £>' be the connected compo- 
nent including 6 and set A = m(Ao — Ai) + 18 := wt(b). By Corollary 7.28 in 
[ [lOl , we have 

B> £ Alf(B»M) r S S(A) , _ 

6 <-» z'®(e)®l™l <-> u A , 1 > 
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where e € {±} and I £ {0, 1, • • • , \m\ — 1} and I = Z mod |m|. This implies that 
(CI') holds. 

(C2') The vector u\ corresponds to the path 

, -2 -1 o 1 2 , 

o = (• • ■ , , , m, —to, m, • ■ •). 
This b is an element of V mi i(\m\; m; 0). Thus, we have 

B(X) ^ V m ,i{\m\;m;0). 

By Lemma 7.27 in and the comments below that lemma, we get (C2'). 

(C3') By the formula (7.47) in JTo| ], we obtain the transitivity of extremal 
vectors in B(X) for A £ P . rj 

Corollary 5. 23 L et us denote Pi(m,l;c) for V mt i(\in\; to; c) and P2{m,l) for 
the R.H.S of ( \5.5Sj ). We have 

B(U q (^2) Q )= P 1 (m,l;c)®P 2 {m,l). 

m(A -Ai)+!«6P /W 
7 |m|-l 
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